Abstract. CARDIFRC is the trade name of two main groups of ultra-high performance fibre-reinforced concrete mixes -Mixes I and II -differing primarily in the maximum size of quartz sand used (0.6 mm in Mix I, and 2 mm in Mix II). In this paper, the conversion of CARDIFRC Mix II to a self-compacting and industrially competitive ultra-high performance fibre-reinforced concrete (UHPFRC) is described. A full mechanical and fracture characterisation (i.e. size-independent fracture energy and the corresponding bi-linear stress-crack opening relationship) of this UHPFRC is provided.
Introduction
Conventional concrete irrespective of its compressive strength has poor tensile and flexural properties and cracks easily (has low toughness), impairing its long-term durability. Attempts have been made in the past, based on ad hoc trial and error tests, to improve the tensile/flexural strengths but this has been accompanied by a reduction in the toughness. The root cause of the intrinsic competition between the strength and toughness is explained by the nonlinear theory of fracture [1] . According to this theory the measure of the ductility of a plain or fibre-reinforced concrete mix is its characteristic length [2, 3] l ch = (EG F )/(f t 2 ), where f t is the tensile strength, G F the toughness, and E the Young's modulus of the mix. The maximization of l ch of an FRC mix by trial and error enabled researchers to develop a class of ultra-high performance fibre-reinforced cementbased composites (UHPFRC), such as DENSIT [2] , RPC and DUCTAL [4] [5] [6] , characterised by high compressive strength, high tensile/flexural strength, and high toughness.
In the development of CARDIFRC, which also belongs to the class of UHPFRC, the optimization problem of maximizing l ch was solved mathematically. This required a knowledge of the constitutive equations relating the mechanical response parameters (E, f t , G F, and compressive strength f c ) to the mix and fibre parameters (water to binder ratio, maximum size of fine aggregate, volume fraction of aggregate, surfactant to water ratio, fibre length, fibre diameter, and fibre volume fraction), collectively called the micro-structural parameters. These were developed in [7] using micro-mechanical principles. The constitutive relations formed the constraints in the optimization problem [8] . The method of the production of CARDIFRC and its mechanical and fracture properties were reported in a series of papers [9] [10] [11] . Extensive tests have shown that it has remarkable durability and resistance to thermal cycling and cyclic loading [12, 13] . Computerized tomography imaging and sectioning of specimens have confirmed that the production procedures ensure a remarkably homogeneous mix with a uniform distribution of fibres [11] .
Moreover, it improves with age and has self-healing properties because of un-hydrated cement and silica fume. Tests have shown that its toughness increased in 2 years from 20,000 J/m 2 to more than 32,000 J/m 2 [14] . Recent studies [15, 16] have proved that CARDIFRC is very resistant to dynamic loading making it suitable for building critical civil (e.g. nuclear containment vessels) and military infrastructure in order to render it less susceptible to failure under loading by blasts and explosions.
There has been enormous interest in the development of different UHPFRC variants in recent years. The developments until 2007 have been included in the monograph [17] . More recent developments have been reported at the quadrennial RILEM workshops, the most recent one being held in 2015 [18] . In fact, the understanding of the manufacture and testing of UHPFRC has progressed to a state that it can be distilled and simplified for the purposes of engineering design practice. This has resulted in the FIB Model Code 2010 [19] . In the terminology of FIB Model Code 2010 [19] , CARDIFRC, together with DENSIT, RPC, and DUCTAL, belongs to the class of UHPFRC that exhibits strain hardening under axial tension. However, the *For correspondence rapid development of UHPFRC has not been matched by its industrial uptake. This is not only because of the traditional conservativeness of the construction industry, but also because of the high cost of UHPFRC. Therefore, there is enormous scope for improving the cost-competitiveness of existing UHPFRC. This paper describes an attempt at improving the costcompetitiveness of CARDIFRC. It summarises the steps taken to produce an industrially competitive version of CARDIFRC. The full mechanical characterisation of the resulting UHPFRC has been provided using standard testing procedures. The fracture properties, however, were obtained using non-standard procedures which made it necessary to provide a brief theoretical background of these procedures.
2. Development of self-compacting UHPFRC from CARDIFRC Mix II CARDIFRC refers to two main groups of mixes -Mixes I and II -differing primarily in the maximum size of quartz sand used. Both mixes use a large amount of 6 and 13 mm long (0.15 mm diameter) brass-coated steel fibres (total volume fraction 6%). Mix I contains quartz sand up to only 0.6 mm in size, whereas in Mix II the maximum quartz sand size is 2 mm. They were initially developed only for small scale niche applications, e.g. retrofitting of existing concrete structures [12, 20, 21] or jointing of pre-cast concrete elements because of the very high cost of thin brass-coated steel fibres. However, detailed cost analysis in collaboration with a large construction company showed that CARDIFRC can be modified and adapted to make it highly competitive even in a variety of hitherto-unforeseen very large volume applications, e.g. manufacturing pre-cast pre-stressed concrete elements without shear reinforcement for use in structural applications. The advantage of this variant over the competing steel is lower self-weight (which forms a large part of design load), corrosion resistance, and smaller carbon footprint. The development of industrially competitive versions of CARDIFRC in the category of ultra-high performance concrete (UHPFRC) required innovative solutions to many problems. Among these were as follows: (i) reduction of costs by replacing the thin expensive brass-coated steel fibres with only 2.5% by volume of thicker and cheaper steel fibres, 30 mm long and 0.55 mm diameter, with an acceptable reduction in the compressive and flexural strengths (about 30%) but an actual increase (by about 100%) in the toughness; (ii) avoidance of health and environmental hazards by creating self-compacting mixes not requiring noisy vibration and replacing some cement with an industrial waste material, GGBS; and (iii) improvement in the fire resistance to 120 min by using sacrificial polymeric fibres that melt creating channels for the expansion of steam during a fire [22] . The enhanced durability of UHPFRC leads to a longer life and sustainability thereby avoiding structural repair and maintenance costs, and yielding economic, environmental and social benefits. These solutions were first tried on CAR-DIFRC Mix I [22] . Additional information on the role of fibre content and water to binder ratio on the performance of CARDIFRC Mix I can be found in [23] . Apart from its compressive strength (160 MPa), no other mechanical and fracture properties of this UHPFRC were measured. In this paper, these solutions will be tried on CARDIFRC Mix II. Full mechanical and fracture characterisation of the resulting UHPFRC will be provided. A brief account of this work was presented at a UK conference in 2016 [24] .
Materials
All constituents used in UHPFRC based on CARDIFRC Mix II were locally available. These included Portland cement Class I 42.5 N, ground-granulated blast furnace slag (GGBS), various grades of quartz sand, Glenium Ace 499 superplasticizer, Elkem Microsilica powder, and 55/30 BG Dramix steel fibres with crimped ends (30 mm long and 0.55 mm diameter, aspect ratio 55). No sacrificial polymeric fibres for enhanced fire resistance were used in this mix. In common with the development of self-compacting mixes from parent vibrated mixes, the powder volume was substantially increased while simultaneously the amount of coarser ingredients was slightly decreased. Thus, 36.4% of cement in the original CARDIFRC Mix II was replaced with GGBS to increase the powder volume and reduce the carbon footprint, while the total amount of quartz sands was reduced by 4.8%. The larger powder content in the selfcompacting version required a higher dosage of superplasticizer for attaining the necessary flow-ability (SP/water 0.41 as opposed of 0.37 in the original vibrated CAR-DIFRC Mix II). The mix proportions are given in table 1. 
Self-compacting mix preparation
The mix was prepared in a pan mixer. The volume of a batch was calculated based on the required cube, cylinder and beam test specimens with an allowance for at least four slump flow tests and for some wastage. The mixing procedure recommended by Benson and Karihaloo [9] was followed by adding the finest constituent micro-silica to the coarsest (1-2 mm quartz sand) and mixing them for 2 min. This was followed by the addition of the next coarsest constituent (0.212-1 mm quartz sand) and the next finest constituent (GGBS) and mixing for a further 2 min. Finally, the next coarsest constituent (9-300 lm quartz sand) and the next finest (cement) were added and mixed for a further 2 min. The dry mix was fluidised by a mixture of water and two-thirds of the total superplasticizer (the same amount as in the original CARDIFRC Mix II) in several steps as follows: One-half of the water-superplasticizer mixture was added to the dry mix and mixed for 2 min, followed by one-half of the remaining mixture and mixing. This process of progressive halving of the fluid mixture and mixing was continued until the entire fluid mixture was added. Then the 30 mm long fibres were added. These fibres are supplied by the manufacturer in small packages of about 50 fibres lightly glued together by water-soluble glue. They were scattered slowly and evenly into the rotating pan mixer by hand to avoid their clumping in the mix. Lastly, the remaining one-third of the superplasticizer was added and mixed for 2 min.
Slump flow test
Before transferring the wet fibre-reinforced mix into the slump cone, the mix was visually inspected to estimate its flow-ability. If it appeared to be stiff, additional superplasticiser was added and mixed again for 2 min. It was then transferred into the slump cone and the test was performed according to BS EN 12350-8 [25] . If it did not meet the flow-ability criterion, namely that the time to reach the flow diameter of 500 mm (t 500 ) is less than 3 s, additional superplasticizer was added to the remaining mix in the pan mixer, and the test repeated. This time was chosen somewhat arbitrarily to be near the boundary, t 500 B 2 s, between the two viscosity classes (VS1 and VS2) according to BS EN 206-9 [26] . Two to three trials were needed to meet the flow-ability criterion. The slump flow spread of the selfcompacting mix that met the target t 500 is shown in figure 1 . The mix proportions of the UHPFRC based on CARDIFRC Mix II are given in table 1.
Specimen curing
The mix was then cast into standard cube (100 mm), cylinder (100 9 200 mm) and beam (100 9 100 9 500 mm) moulds. The specimens were de-moulded after 24 h and placed in a water tank. The water was heated slowly to 90°C in 24 h to avoid thermal shock, and the specimens were cured at this elevated temperature for 7 days. The temperature was then reduced gradually to ambient condition within 24 h. The specimens were taken out of the water tank and air dried prior to testing. It should however be noted that tests have shown [20] that mixes can also be cured in water at ambient temperature for 28 days with no noticeable difference in the mechanical properties.
Mechanical properties
Compression tests were carried out on cube specimens according to BS EN 12390-3 [27] , whereas split tensile tests were performed on cylindrical specimens according to BS EN 12390-6 [28] . In addition, the modulus of elasticity was measured on a cylindrical specimen according to BS 1881-121 [29] and the modulus of rupture of beam specimens was determined according to BS 1881-118 [30] . Table 2 shows the mechanical properties of the UHPFRC, together with the coefficient of variation (CoV in %).
As expected, the compressive strength, the tensile splitting strength and the modulus of rupture of the UHPFRC are inferior to those of the CARDIFRC Mix II [10] because of the absence of thin short (6 mm) brass-coated steel fibres (4.5% by volume). The modulus of elasticity, on the other hand, is only marginally reduced. 
Fracture properties

Specific fracture energy -theoretical background
Not only the superior mechanical properties of UHPFRC (table 2) are of practical interest, but even more important is their superior fracture resistance. It is quantified by the energy consumed per unit area of crack surface, also called the specific fracture energy. No standard test exists for its measurement, but RILEM-50FMC [31] has recommended a method based on the work-of-fracture, e.g. the area under the load-mid-span deflection curve of a notched beam loaded in three-point bending. According to the RILEM recommendation, the specific fracture energy G f is the average energy given by dividing the total work-of-fracture by the projected fracture area (i.e. area of initially un-cracked ligament) using a pre-cracked (notched) specimen. This method is equally applicable to UHPFRC, despite the fact that the test may have to be terminated before the the tail part of the loaddeflection plot has been registered, i.e. the specimen has completely fractured, because the fibre bridging provides substantial residual load bearing capacity up to very large crack openings. In this situation, the work-of-fracture is corrected using the procedure described in [32] . Alternatively, the area under the load-deflection curve up to particular deflection levels may be expressed as a multiple of the area up to the limit of proportionality to determine the socalled toughness indices of UHPFRC, designated I 5 , I 10 , etc. where the subscript denotes the multiple of the area. A detailed review of the many variations of toughness index approach can be found in the monograph [17] .
The specific fracture energy, G f , is known to vary with the size and shape of the test specimen. The cause of this variability is explained in [33] , namely that the local specific fracture energy is not constant along the crack path in a test specimen. It decreases as the crack grows along the un-notched ligament with the rate of decrease picking up speed as the crack approaches the back, stress-free boundary of the specimen. For this reason, the Hu-Wittmann model is also called the boundary effect model [34, 35] . They proposed a bi-linear approximation for the local fracture energy variation (g f Þalong the crack path (figure 2) with the intersection of the two asymptotes defining a transition ligament size (a l ) and used this approximation to derive relations between the measured size-dependent fracture energy (G f ), the transition length (a l ) and the size-independent fracture energy (G F ).
The values of G F and a l of a concrete mix are obtained from these relations once the size-dependent specific fracture energy (G f ) of the mix has been measured on specimens of different sizes and several notch to depth ratios using a least squares method on the over-determined system of equations. However, a simplification of this boundary effect method was proposed in [36] , requiring only testing of notched beam specimens of identical size (beam height W, notch depth a) by the RILEM work-of-fracture method. One half of the specimens have a shallow starter notch (a/W = 0.1), while the other half have a deep starter notch (a/W = 0.6), straddling the expected transition length ratio a l /W. This simplification reduces the number of test specimens and avoids the use of least squares minimisation. It was validated in [37] on a series of available test results. It has been shown in [38] that although the measured values of G f depend on W and a/ W, the above procedure indeed leads to a value of G F that is essentially independent of the specimen size and relative notch depth.
In recent works, a tri-linear approximation of the local fracture energy along the unbroken ligament was proposed in [39] [40] [41] . As has been shown by acoustic emission data, the tri-linear approximation is closer to how the local fracture energy varies as the crack grows from a notched specimen [39] . The local fracture energy (G f ) first rises from the fictitious boundary (notch tip), then remains nearly constant G F , before reducing again as the crack approaches the stressfree back face boundary, figure 3. It has been found in [42] that the bi-linear and tri-linear approximations result in Figure 3 . Tri-linear approximation of local fracture energy gf variation over the un-notched ligament length [39] .
nearly the same values of the size-independent specific fracture energyðG F Þ. For this reason, the simplified boundary effect method introduced in [36] based on the bi-linear approximation [33] will be used below.
Test results
Six prisms 100 9 100 9 500 mm were cast with the selfcompacting UHPFRC. After curing, three prisms were notched to a depth of 10 mm and the remaining three to a depth of 60 mm using a diamond saw (width approximately 2 mm). They were tested in three-point bending over a loaded span of 400 mm. The test was controlled first by a feedback signal from a crack mouth opening displacement (CMOD) gauge until the gauge reached its limit (around 3.5 mm), where after the control switched to mid-point displacement control. The load-CMOD was recorded until the gauge reached its limit, but the load-mid-point displacement continued to be recorded until the displacement reached 30 mm. The load had still not dropped to zero. The area under the load-deflection plot was therefore corrected to account for the unrecorded work-of-fracture using the procedure described in [32] . The total work-of-fracture was divided by the projected fracture area (i.e. area of initially un-cracked ligament) of the notched specimen to calculate the specific fracture energy G f (a/W) corresponding to a/W = 0.1 and 0.6. Finally, the size-independent specific fracture energy G F and a l were determined using the appropriate relations of the boundary effect model [33] . The values are reported in table 3. The size-independent specific fracture energy is 36,300 N/m compared to about 20,000 N/m for the original vibrated Mix II measured in axial tension. The increase in primarily due to the use of a larger volume (2.5%) of longer (30 mm) fibres in the UHPFRC compared with the CARDIFRC Mix II in which only 1.5% by volume of 13 mm long fibres was used.
Stress-crack opening relation -theoretical background
The analysis of cracked concrete structures using the fictitious crack model [1, 43] requires not just the size-independent fracture energy of the concrete G F , but also its softening behaviour. In the fictitious crack model (FCM) it is assumed that after crack initiation, stresses may be transmitted across the fictitious crack faces. These crack bridging forces are assumed to be a function of the crack opening displacement given by the stress-crack opening relationship. The stress-crack opening relationship of the early FCM was modelled as a linear function which has been found not to capture the essence of the tension softening of concrete. After the initiation of a crack, concrete is known to soften rapidly because of microcracking, but the rate decreases thereafter because of aggregate interlock and other frictional processes, and especially fibre bridging forces. Therefore, to capture the observed tensile/flexural behaviour of fibre-reinforced concrete, the stress-crack opening relationship must be at least a bi-linear function [44] . The area under this bi-linear diagram is equal to G F . It was proposed in [45] that the flexural failure of concrete beams may be modelled by the development of a fictitious crack in a central segment with a width proportional to the beam depth. They treated this segment as a cracked hinge (figure 4) with a linear stress-crack opening relationship.
The bending failure was modelled in [44] in the same way, using a bi-linear stress-crack opening relationship Table 3 . Mean size-dependent fracture energies for a/W = 0.1 and 0.6 and size-independent specific fracture energy of UHPFRC version of CARDIFRC Mix II (bi-linear model). instead. The isolation of the segment of a beam near the propagating crack and its modelling as a short beam segment subjected to a bending moment and a normal force is the basic concept of the non-linear cracked hinge model [44] , (figure 4a, b). This is a generic model applicable to both plain and fibre-reinforced concrete.
In the non-linear hinge model the crack is viewed as a local change in the overall stress and strain field. This change is assumed to vanish outside a certain band of width s (figure 4a). Thus, outside of this band the structural element is modelled using the elastic beam theory. This inverse approach for identifying the material stress-crack opening relation is far superior to the approximate inverse approach proposed in FIB Model Code [19] which is intended for engineering practice.
The constitutive relationship for each segment inside the hinge is assumed to be linear elastic up to the peak load (phase 0), while the cracked state is approximated by a bi-linear softening curve as shown in figure 5 .
The non-linear cracked hinge is incorporated into the notched beam at mid-span, and the load-deflection and load-CMOD relationships of the beam are established depending on the position of the fictitious crack along the depth of the beam. The axial load and bending moment (figure 4) are related to the hinge rotation in three phases depending on the position of the fictitious crack ahead of the real notch: (i) the fictitious crack is entirely on the first branch of the bi-linear softening diagram; (ii) it is partly on the first and partly on the second branches; and (iii) it is entirely on the second branch. The full analytical expressions relating the hinge rotation to the bending moment in each of these three phases and in turn to the applied central load on the beam are given in [44] .
Test results
The unknown parameters of the bi-linear stress-crack opening diagram, e.g. w 1, w 2 , f t and r 1 / f t or a 1 , a 2 , f t and r 1 / f t are identified in an inverse manner by minimizing the root mean square error between either the recorded and predicted load-CMOD or the load-deflection diagram at many values of the applied central load. This is generally possible for all plain and conventional fibre-reinforced concrete mixes in which the load-CMOD and load-deflection diagrams can be recorded almost until the load has dropped to zero within the limits of measurement of the CMOD gauge (about 3.5 mm) or LVDT (can be up to 50 mm). For UHPFRC of the strain-hardening type though the inverse identification procedure can be applied only to the loaddeflection plot which can be recorded to very large deflection values, but not to the load-CMOD record which is restricted by the range of CMOD gauge to almost only the pre-peak response. Accordingly, the parameters of the bi-linear tension softening diagrams for both notches have been identified using the inverse identification procedure on the load-deflection plots recorded up to a deflection of 30 mm. The parameters so identified are tabulated in table 4 and shown in figure 6 . The recorded and predicted loaddeflection curves for notch-to-depth ratios 0.1 and 0.6 are shown in figure 7 . The error shown in table 4 is obtained by calculating the difference between the measured size-dependent fracture energy (G f ) and that given by the area under the stress-crack opening diagram for each notch depth (figure 5)
An additional check on the accuracy of the parameters of the bi-linear stress-crack opening relation is provided by predicting the load-CMOD plot and comparing it with the restricted recorded plot. This is done in figure 8 for one notch-to-depth ratio (a/W = 0.1), from which it can be concluded that the identified parameters for this notch-todepth ratio are accurate.
The assumption that the response of the non-linear hinge is linear elastic up to the peak load implies that the pre-peak non-linear strain-hardening cannot be captured by the hinge model (figures 7 and 8). This pre-peak non-linearity is known to be a result of diffuse micro-cracking whose density increases as the load is increased from the linear elastic proportional limit to the peak load. It can be captured by considering the effect of micro-cracks on the reduction in the stiffness using the micromechanical formulation described in [46] . The parameters of the tension softening curves obtained using the non-linear hinge model correspond to the measured G f (0.1) and G f (0.6), but not to G F .
A simple method has been proposed in [47] for the determination of the bi-linear softening diagram corresponding to the size-independent G F of concrete mix by scaling the average parameters of the tension softening diagrams corresponding to the size-dependent fracture energies G f (0.1) and G f (0.6) (table 4). This scaling procedure was followed in this work, giving the parameters reported in the last row of table 4. The corresponding tension softening diagram is also shown in figure 7 .
It should be mentioned that, as expected, the direct tensile strength of the UHPFRC is less than that of the original CARDIFRC Mix II (12. 02 MPa in contrast to 15 MPa). This is because of the absence of short steel fibres (6 mm long, 4.5% by volume) in the UHPFRC.
Conclusions
1. A self-compacting UHPFRC based on CARDIFRC Mix II was developed and fully characterised from both the mechanical and fracture points of view. As expected, the resulting UHPFRC has inferior compressive, tensile and flexural strengths than the original CARDIFRC Mix II. This is due to the absence of thin small brass-coated steel fibres (4.5% by volume; 6 mm long) in the UHPFRC. The UHPFRC is, however, much tougher thanks to the use of a larger volume fraction (2.5% against 1.5%) of longer steel fibres (30 mm against 13 mm). 2. An inverse approach based on the non-linear hinge model for crack growth from a pre-existing notch was used to identify the parameters of the bi-linear stresscrack opening relation of the UHPFRC. 3. The load-deflection and load-CMOD curves of notched beams predicted using the bi-linear stress-crack opening relations were shown to be in very good agreement with the recorded experimental results, except in the pre-peak non-linear region.
